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Abstract
We consider the dijet cross section in e+e− annihilation using the Georgi jet algorithm, or the
maximizing jet algorithm. The cross section is factorized into the hard, collinear and soft parts.
Each factorized function is computed to next-to-leading order, and is shown to be infrared finite.
The large logarithms are resummed at next-to-leading logarithmic accuracy. By analyzing the
phase space for the jet algorithm, the Georgi algorithm turns out to be equivalent to the Sterman-
Weinberg and the cone-type algorithms.
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I. INTRODUCTION
The study of jets is essential in understanding the interwoven effects of strong interaction
and in extracting the information on Standard Model or beyond. The strong interaction is
responsible for the collective behavior in forming jets, starting from the scattering of the
colored partons to the formation of hadrons, and subsequently into the collimated beams
of hadrons, which are called jets. In order to describe jets, there should be an appropriate
jet algorithm which combines adjacent final-state particles such that infrared (IR) safety is
guaranteed.
There are many jet algorithms in different types of scattering like e+e− annihilation or pp
scattering [1]. Recently a jet algorithm has been suggested by maximizing a given function
for a jet [2]. It is basically proposed for e+e− annihilation, and this jet algorithm has been
extended to hadron-hadron collisions [3, 4]. In this letter, we present the complete analysis
employing the soft-collinear effective theory (SCET) [5–7].
Once a jet algorithm is selected, it is crucial to see if the jet cross section can be factorized,
and each factorized part is IR finite. It has been known that not all the jet algorithms satisfy
the factorization theorem [8]. We systematically analyze the Georgi jet algorithm to show
that it factorizes the dijet cross section in e+e− annihilation, and each factorized part is
infrared finite. In proving the IR safety, we use the dimensional regularization with the
spacetime dimension D = 4 − 2 regulating both ultraviolet (UV) and IR divergences. In
this case, the dimensional regularization states that
µ
∫ ∞
0
dl l−1− =
1
UV
− 1
IR
, (1)
where l is a momentum variable. If we do not distinguish the UV and IR poles, the above
integral vanishes since the integral is a scaleless integral. However, we distinguish the UV
and IR poles here to identify the sources of the divergence explicitly. We also employ the
MS scheme with 4piµ2
MS
= µ2eγE .
II. JET ALGORITHM
An iterative jet algorithm suggested by Georgi is to assign a function G(P ), where P is
the four-momentum of the collection of the particles to be included in a jet. It is given by
Gβ(P ) = P
0 − βP
2
P 0
, for β > 1, (2)
and we find the set α with the maximum value of G, with
P µ =
∑
j∈α
pµj . (3)
Intuitively, the function G(p) becomes maximum when the particles are selected such that
the jet has a larger energy, and simultaneously a smaller invariant mass.
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In SCET, the four momentum of a collinear particle in the lightlike n direction scales as
pµ = (n · p, p⊥, n · p) ∼ Q(1, λ, λ2), where Q is the center-of-mass energy and λ is a small
parameter in SCET, with n2 = n2 = 0, and n · n = 2. In order for the two terms in G(P )
to compete with each other, they have to be of the same order. Since P 0 ∼ O(1) and
P 2 ∼ O(λ2), β is of order 1/λ2  1.
We consider the next-to-leading order (NLO) in which there are at most two particles in
a jet. In this case, the backbone process is the production of a quark-antiquark pair with a
virtual or real gluon. This contribution is obtained by cutting the diagram in Fig. 1, which
corresponds to the matrix elements squared for the jet cross section. If a single line is cut, it
yields the virtual correction. When we cut the loop, there are two final-state particles with
momenta l (for a gluon) and p− l (for a quark). A nontrivial jet algorithm results from the
jet with two particles in it, and we consider the kinematic constraint from the jet algorithm.
The collinear jet momentum pµ in the n direction pµ = (p−, p⊥, p+) ∼ Q(1, λ, λ2), and we
choose the jet direction such that p⊥ = 0, and p− = Q. The collinear gluon momentum lµ
scales as lµ = (l−, l⊥, l+) ∼ Q(1, λ, λ2). With this scaling behavior, the collinear momenta
of the quark and the gluon can be written as
pµq = (Q− l−,−l⊥, p2/Q− l+), pµg = (l−, l⊥, l+), (4)
with their energies
Eq =
1
2
(Q− l− + p2/Q− l+), Eg = 1
2
(l− + l+). (5)
And the invariant-mass squared p2 is given by
p2 = (pq + pg)
2 =
Ql+
1− l−/Q. (6)
For two particles inside a jet, the criterial function in Eq. (2) for the two particles should
be written as
Gβ(p) > max.
[
Gβ(l), Gβ(p− l)
]
, (7)
which can be expressed as
l+ <
l−
4β
(
1− l−
Q
)
, (0 < l− <
Q
2
),
l+ <
Q
4β
(
1− l−
Q
)2
, (
Q
2
< l− < Q). (8)
FIG. 1. Particle configuration and the momentum assignment in constructing the phase space.
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In order to avoid double counting, we subtract the contribution corresponding to soft
mode lµ = Q(λ2, λ2, λ2). This process is referred to as the zero-bin subtraction [9]. The
phase space for the zero-bin contribution to leading order in λ is given by
l+ <
l−
4β
. (9)
For the soft part, the phase space constraint from the jet algorithm in Eq. (7) for the soft
gluon is written as
l+ <
l−
4β
, (n jet),
l− <
l+
4β
, (n jet),
l− + l+ < 2δQ, (jet veto). (10)
In the first two constraints for n and n jets, the denominator is actually 4β − 1. But to
leading order in λ, it is replaced by 4β = 1/b since β ∼ λ−2. Here b = 1/4β is a small
parameter of order λ2.
Note that there is an additional constraint for the jet veto. We introduce the quantity δ
such that the energy fraction of the soft particle outside the jet should be less than δ. It is
not explicitly stated in the original jet algorithm, but this jet veto is needed to render the
soft function IR finite. From the power counting, we also require that δ ∼ O(λ2).
III. FACTORIZATION OF THE DIJET CROSS SECTION
The dijet cross section is given as [10]
σjet = σ0H(Q
2, µ)Jn,Θ(µ)Jn,Θ(µ)SΘ(µ). (11)
Here Q2 is the invariant-mass squared of the e+e− system, and σ0 is the Born cross section
for a given flavor f of the quark-antiquark pair with the electric charge Qf , given by
σ0 =
4piα2Q2fNc
3Q2
. (12)
H(Q2, µ) is the hard function which is obtained from the matching of the electromagnetic
current between the full QCD and SCET at leading order as
Jµ = C(Q2, µ)χnY˜
†
nγ
µY˜nχn, (13)
and H(Q2, µ) = |C(Q2, µ)|2. To one loop, it is given by [11]
H(Q2, µ) = 1 +
αsCF
2pi
(
− ln2 µ
2
Q2
− 3 ln µ
2
Q2
− 8 + 7pi
2
6
)
. (14)
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And χn is a gauge-invariant collinear quark with a collinear Wilson line χn = W
†
nξn, and
Y˜ (x) is the soft Wilson line [12]
Y˜n(x) = P exp
[
ig
∫ ∞
x
dsn · As(sn)
]
,
(15)
where ‘P’ denotes the path ordering.
The unintegrated jet function is defined as∑
Xn
〈0|χαn|Xn〉ΘJ〈Xn|χβn|0〉 =
∫ d4pXn
(2pi)3
/n
2
n · pXnJn,Θ(p2Xn , µ)δαβ, (16)
where ΘJ is the constraint specified by the jet algorithm, and |Xn〉 is the state for the
collinear particles in the n direction. The integrated jet function Jn,Θ is obtained from the
unintegrated jet function as
Jn,Θ(µ) =
∫
dp2Jn,Θ(p
2, µ). (17)
The soft function SΘ with the jet algorithm is given as
SΘ =
∑
Xs
1
Nc
Tr〈0|Y˜ †n Y˜n|Xs〉Θsoft〈Xs|Y˜ †n Y˜n|0〉, (18)
where Θsoft dictates the jet algorithm for the soft particles, and |Xs〉 is the state for soft
particles. The jet and the soft functions are computed to next-to-leading order.
IV. JET FUNCTION
The Feynman diagrams for the jet function at order αs is shown in Fig. 2, with the mirror
images omitted for (a) and (b). The dashed line represents the cut. Figure 2 (a) is the virtual
correction, and is unaffected by the jet algorithm. The naive collinear contribution M˜a, the
zero-bin contribution M0a , and the net collinear contribution Ma = M˜a −M0a are given by
M˜a =
αsCF
2pi
( 1
UV
− 1
IR
)( 1
IR
+ 1 + ln
µ
Q
)
,
M0a = −
αsCF
2pi
( 1
UV
− 1
IR
)2
,
Ma = M˜a −M0a =
αsCF
2pi
=
αsCF
2pi
( 1
UV
− 1
IR
)( 1
UV
+ 1 + ln
µ
Q
)
. (19)
FIG. 2. Feynman diagrams for the jet function at one loop (a) virtual correction (b) real gluon
emission from the Wilson line (c) real gluon emission.
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Figure 2 (b) and (c) represent the real gluon emissions. The naive collinear contribution
from Fig. 2 (b) is given as
M˜b =
αsCF
2pi
[ 1
22IR
+
1
IR
(
1 +
1
2
ln
µ2
bQ2
)
+ ln
µ2
bQ2
+
1
4
ln2
µ2
bQ2
+ 3 + ln 2− 7
24
pi2
]
, (20)
while the zero-bin contribution is given as
M0b =
αsCF
2pi
1
2
( 1
UV
− 1
IR
)( 1
UV
− 1
IR
+ ln b
)
. (21)
The net collinear contribution is given by
Mb = M˜b −M0b
=
αsCF
2pi
[
− 1
22UV
+
1
UVIR
+
1
IR
(
1 + ln
µ
Q
)
− 1
2UV
ln b
+ ln
µ2
bQ2
+
1
4
ln2
µ2
bQ2
+ 3 + ln 2− 7
24
pi2
]
. (22)
The naive collinear contribution from Fig. 2 (c) is given as
Mc =
αsCF
2pi
(
− 1
2IR
− 1
2
ln
µ2
bQ2
− 1− 1
2
ln 2
)
. (23)
The zero-bin contribution is suppressed and neglected. Including the wave function renor-
malization and the residue at one loop
Z
(1)
ξ +R
(1)
ξ =
αsCF
2pi
( 1
2IR
− 1
2UV
)
, (24)
the collinear contribution at order αs is given by
Mcoll = 2(Ma +Mb) +Mc + Z
(1)
ξ +R
(1)
ξ
=
αsCF
2pi
[ 1
2UV
+
1
UV
(3
2
+ ln
µ2
bQ2
)
+
3
2
ln
µ2
bQ2
+
1
2
ln2
µ2
bQ2
+ 5 +
3
2
ln 2− 7
12
pi2
]
. (25)
Note that the collinear part is IR finite, and it only contains the UV divergence. After
removing the UV divergence, the collinear jet function at one loop is given by
J (1)n (Q, b, µ) =
αsCF
2pi
(3
2
ln
µ2
bQ2
+
1
2
ln2
µ2
bQ2
+ 5 +
3
2
ln 2− 7
12
pi2
)
, (26)
from which the anomalous dimension of the jet function is obtained as
γJ =
αsCF
2pi
(
2 ln
µ2
bQ2
+ 3
)
. (27)
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V. SOFT FUNCTION
The Feynman diagrams for the soft function at one loop are shown in Fig. 3, where the
hermitian conjugates are omitted. The soft part is given as
Msoft =
αsCF
2pi
( 2
UV
ln b+ 4 ln b ln
µ
2δQ
− ln2 b− pi
2
3
)
, (28)
and it is also IR finite. The soft function at one loop is given by
S(1)Θ =
αsCF
2pi
(
4 ln b ln
µ
2δQ
− ln2 b− pi
2
3
)
. (29)
Also the anomalous dimension for the soft function is obtained as
γS =
2αsCF
pi
ln b. (30)
VI. RESUMMED DIJET CROSS SECTION
Combining the hard function to one loop given by
H(Q2, µ) = 1 +
αsCF
2pi
(
− ln2 µ
2
Q2
− 3 ln µ
2
Q2
− 8 + 7pi
2
6
)
, (31)
with the jet and soft functions, the dijet cross section at NLO is given by
σ(1) = σ0
αsCF
2pi
(
−(4 ln 2δ + 3) ln b+ 2 + 3 ln 2− pi
2
3
)
. (32)
Since the cross section involves the factorized parts which contain large logarithms, the
cross section should be resummed for the large logarithm, and it is obtained by solving the
renormalization group equation at next-to-leading logarithmic (NLL) accuracy here. The
anomalous dimensions of the hard, jet and soft functions can be cast into the form
γH = Γcusp(αs) ln
Q2
µ2
+ ΓH(αs),
γJ = −1
2
Γcusp(αs) ln
µ2J
µ2
+ ΓJ(αs),
γS = Γ
S(αs), (33)
FIG. 3. Feynman diagrams for the soft function at one loop (a) virtual corrections (b) real gluon
emission.
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where µJ =
√
bQ is the jet scale, and Γcusp is the cusp anomalous dimension of the hard
function. It can be explicitly verified that γH + 2γJ + γS = 0, which implies that the jet
cross section is independent of the renormalization scale µ. To NLL order, we need the cusp
anomalous dimension to two loop order, the remaining anomalous dimensions ΓH , ΓJ , ΓS
to one loop order, and the hard, jet and soft functions at tree level.
The renormalization group equation for the hard, jet and soft functions is of the form
d
d lnµ
fi(ωi, µ) =
[
ai(αs) ln
ω2i
µ2
+ bi(αs)
]
fi(ωi, µ), (34)
where ωi = Q, µJ , µS for i = H, J, S with the soft scale µS = 2δQ. And the solution is given
by [13]
fi(ωi, µ) = exp
[
2Si(µi, µ)−Bi(µi, µ)
](ω2i
µ2i
)−Ai(µi,µ)
fi(ωi, µ), (35)
where µi are the factorization scales from which the hard, jet and soft functions are evolved
to the renormalization scale µ. To NLL order, Si, Ai and Bi are given as
Si(µi, µ) =
a0i
4β20
[ 4pi
αs(µi)
(
1− αs(µi)
αs(µ)
− ln αs(µ)
αs(µi)
)
+
β1
2β0
ln2
αs(µ)
αs(µi)
+
(a1i
a0i
− β1
β0
)(
1− αs(µi)
αs(µ)
+ ln
αs(µ)
αs(µi)
)]
,
Ai(µi, µ) =
a0i
2β0
[
ln
αs(µ)
αs(µi)
+
(a1i
a0i
− β1
β0
)αs(µ)− αs(µi)
4pi
]
,
Bi(µi, µ) =
b0i
2β0
ln
αs(µ)
αs(µi)
. (36)
The QCD β function, the cusp anomalous dimension, and the anomalous dimensions in
the MS scheme are given as
β(αs) =
d
d lnµ
αs = −2αs
[
β0
αs
4pi
+ β1
(αs
4pi
)2
+ · · ·
]
,
Γcusp(αs) = Γ0
αs
4pi
+ Γ1
(αs
4pi
)2
+ · · · ,
ai(αs) = a
0
i
αs
4pi
+ a1i
(αs
4pi
)2
+ · · · , bi(αs) = b0i
αs
4pi
+ b1i
(αs
4pi
)2
+ · · · , (37)
where the expansion coefficients for the QCD β function to two-loop order are
β0 =
11
3
CA − 4
3
TFnf , β1 =
34
3
C2A −
20
3
CATFnf − 4CFTFnf . (38)
And the cusp anomalous dimension to two loop order are given as [14, 15]
Γ0 = 8CF , Γ1 = 8CF
[(67
9
− pi
2
3
)
CA − 20
9
TFnf
]
. (39)
The dependence of the jet cross section on the jet scale µjet and the soft scale µsoft is
shown in Fig. 4. The hard scale is set at µH = Q. In the first figure, the jet scale varies
between µJ/2 and 2µJ where µJ =
√
bQ, while the soft scale is fixed. In the second figure,
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FIG. 4. The dependence of the jet cross section on the renormalization scales. (a) µJ/2 < µjet <
2µJ with µsoft = 2δQ and µH = Q fixed, (b) µS/2 < µsoft < 2µS with µjet =
√
bQ and µH = Q
fixed.
the soft scale varies between µS/2 to 2µS where µS = 2δQ, while the jet scale is fixed. Since
the parameter δ in the jet veto should be of order λ2, we put 2δ ∼ b. The dijet cross section
is normalized to the total cross section at order αs, which is given by
σ
(1)
tot = 1 +
αs
pi
. (40)
Then the ratio σjet/σ
(1)
tot is the two-jet fraction. In Fig. 4, the jet cross section shows mild
dependence on the jet and soft scales. Due to the different scales on the horizontal axes in
the figure, the dependence on the jet scale is actually milder than that on the soft scale.
In Fig. 5, the jet cross sections at NLL order and at NLO order are plotted with respect to
the large parameter β, and the small parameter b respectively. At NLL order, the theoretical
uncertainty is obtained by varying the hard scale from Q/2 to 2Q, the jet scale from µJ/2 to
2µJ , and the soft scale from µS/2 to 2µS. At NLO, all the scales are set to µ = µH = µJ = µS,
and the renormalization scale µ is varied from Q/2 to 2Q. The solid line in the band is for
the scale µhard = Q, µjet = µJ and µsoft = µS, and the dashed line is obtained by setting
µ = Q.
FIG. 5. The dijet fraction as a function of (a) β (b) b = 1/4β. The bands show the theoretical
uncertainties. The solid line in the resummed cross section is obtained with µhard = Q, µjet = µJ ,
µsoft = µS . The dashed line is the NLO cross section with µ = Q.
9
For large β or small b, the fixed-order result becomes negative and the perturbative
results lose physical meaning. On the other hand, the resummed result remains positive
and is suppressed for b→ 0, while the fixed-order results diverges. Therefore the dijet cross
section becomes meaningful only after the large logarithms are resummed.
VII. CONCLUSION
We have shown that the dijet cross section in e+e− annihilation is factorized using SCET,
in the sense that each factorized part is IR finite. In Ref. [16], it is shown that the Georgi
algorithm, jets based on the jettiness, and the cone algorithm are basically equivalent by
introducing a meta function. We take a different approach, that is, the structure of the phase
space for the collinear and soft parts constrained by the jet algorithm completely determines
the characteristics of the jet algorithms including the infrared safety. In this perspective, we
can compare the characteristics of the Georgi jet algorithm with the existing jet algorithms.
Compared to the results in Ref. [10], where the Sterman-Weinberg and the cone-type jet
algorithms have been analyzed, the structure of the phase space for the jet and the soft
functions of these algorithms are basically the same as the Georgi algorithm. Therefore the
structure of the divergence shows the similar behavior as well. As can be seen in Eq. (32),
the jet cross section is analogous to that in the Sterman-Weinberg algorithm [17], and the
small parameter b = 1/4β plays the role of the angular size in the Sterman-Weinberg or the
cone-type jet algorithms.
In Ref. [8], the generalized exclusive kT algorithm is investigated. The divergence struc-
ture, or the shape of the phase spaces has been classified by specifying the parameter α.
The cone-type and the Sterman-Weinberg jet algorithms belong to the category with α < 0
along with the exclusive anti-kT algorithm. From the shape of the phase space in the Georgi
jet algorithm, we can conclude that it is kinematically similar to the exclusive kT algorithm
with α < 0, in which an additional jet veto is needed in the soft part.
We have resummed large logarithms appearing in the jet and soft functions. However,
there is an issue on resumming the logarithms of the small jet radius, which corresponds to
logarithms of b [18, 19]. It is claimed to be obtained by introducing additional new degrees
of freedom in SCET. But this is not pursued in this letter.
It will be interesting if all the features on the factorization property, the divergence
structure and the shape of the phase space are sustained in hadron-hadron scattering. All
the cone-type and the inclusive kT jet algorithms fall into the category with α < 0, but it
remains to be seen if the results remain the same or not due to the kinematic difference
between e+e− annihilation and the pp scattering.
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